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1. INTRODUCTION 
In this paper some special cases of the generalized Leibniz theorem have been used to find 
expansion formulas for incomplete Gamma and related functions. 
2. PRELIMINARY DEFINITIONS AND RESULTS ! 
The gamma function is defined by the Euler integral 
r(z) = 
J 
O3 t”--‘e-‘& Re(z) > 0. (2.1) 
0 
The incomplete gamma function y(a, z) and its complement I’(LY, z) are defined by 
J 
I 
y(a, 2) = F’e”dt Re(a) > 0, 1 arg 2 I< rr, (2.2) 
0 
II(cr, 2) = lrn ta-‘e-‘dt 1 arg z /< 7r; (2.3) 
so that 
~(0~4 + rb, 4 = w (2.4) 
The ‘entire incomplete gamma function’, y*(cz, z), is defined by means of the equations. 
7(a; f) 
Py*(cr; 2) = - = 
r(o) 
1 w;4 
-r(a)’ 
(2.5) 
where r(a) is the usual gamma function defined by (2.1). Conditions of validity and compu- 
tational aspect to eight bit precision are given in Spanier and Oldham [3]. Connection with 
function and its complement are the error function is of great use in applications. The error 
related to the incomplete gamma functions as follows. 
Y($ z) = fierf (43 
r+) = J;;erfc(fi) 
The fractional differential operator DO, where a may be 
rational number, or a complex number, is defined as 
(2.6) 
(2.7) 
a positive or negative integer, a 
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0,’ {z”} = lTx + l) 
I-(X - p + 1) 
*X-P (23) 
where p is an arbitrary complex number, or a real number. For precise definitions and 
conditions of validity see O&r [2]. 
Osler’s [2] generalized Leibniz theorem with g(z) = z is 
D,ou(r)v(r) = $:, (6 ;n) D,a-6-“u(W,6+“v(4 
where the generalized symbol 
( > a+“n = JY(cx + 1) r(o - 5 - n + i)r(6 + n + 1) 
(2.9) 
(2.10) 
implies the right hand member of (2.10). 
The special case of (2.9) for 6 = 0 is the well known Leibniz theorem of the elementary 
calculus. One can employ (2.9) and its special cases to generate a host of known or hitherto 
unknown expansion formulas for special functions. 
Case 1 (6 = 0) 
Case 2 (v E 1) 
D,Qu(z) = 
r(ck + 1) sin(o - 6)s 
71‘ 
(2.11) 
2 (-l)nzn+6-a Df+‘%+) 
(a - 6 - n) r(6 + R + 1) rr=--OO 
(2.12) 
The following generalized derivatives will be needed for the expansion formulas 
DFQez = Y(&,Z) + r(a)e ’ Osler [l], 
Dfzaery’(a; I) = zaBPeZyf(a - p; t) 
cr,P, positive or negative, integer or non integer. 
Spanier (31; 
(2.13) 
(2.14) 
-Q 
Dzlnz = ryf - a> [Inz - y - $(I- a)], 
where $(z) = -$ In r(z), and y is Euler hlascheroni constant. (2.15) 
Da9 = 1 
w-t 1) zp_a 
r(p-$1) 9 
p # -1, -2, . . . 
D,Q.rPInr = 
r(p + qrp-a 
ryp - a + 1) rPso[ln 2 + ti(p + 1) - $(p - o + l)], 
(2.1G) 
p # -1, -2, . . . 
(2.15) - (2.17) can be computed easily by the Osler’s formulas (see Osler [l]). 
(2.17) 
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3. MAIN RESULTS 
(a) In (2.11) let u(2) = 9, U(Z) = In z, we readily get, on simplification, the expansion 
formula. 
[In z + $(p + 1) - +(p - a -t- l)] = a3 [In 2 - 7 - $( 1 - n)] 
IQ - a + 1) r(p-a+n+l)r(l-n) (3.1) 
In (2.9) take u(z) = ez, w(z) = t@ez7*(/3;r). We obtain the expansion formula for the 
entire incomplete gamma function. 
sin 67r 
z-67*(& 2) = - 2 (-l)“Y(-6 - 7% Z)7’(P + 6 + n. z)zn 
“=_- U-6 - n)(6 + n) 
, * lr (3.2) 
Or, using (2.5), one obtains 
y(& 2) sin 67r 
- 2 (-1)“7(-6 - r(p)= A 
n, z)r(P + 6 + n,z) 
- + + 6 + n=_-oo u-6 4~ 4w 4 
(3.3) 
Now, setting in (2.12), U(Z) = zBezy+(/3, z), V(Z) = 1 and invoking (2.13) and (2.14) leads 
to 
r’(P- 9 - 
a. *I _ r(a + 1) sin(a - 6)~ v$y (-1)“7’(/3 - 6 - n;r) 
iT 
n=--oo (a-6- n)r(6 + n + 1) * 
(3.4) 
A simplified expansion with a series from n = 0 to co is obtained on taking 6 = 0 in (3.4). 
The results (3.1) - (3.4) are believed to be new. It will not be surprising if the expansion 
formulas for extensions of gamma functions occur. 
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